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Abstract
The on shell equivalence of first order and second order formalisms for the Einstein-Hilbert action
does not hold for those actions quadratic in curvature. It would seem that by considering the
connection and the metric as independent dynamical variables, there are no quartic propagators
for any dynamical variable. This suggests that it is possible to get both renormalizability and
unitarity along these lines. We have studied a particular instance of those theories, namely Weyl
gravity. In this first paper we show that it is not possible to implement this program with the
Weyl connection alone.
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1 Introduction.
It is well-known that general relativity is not perturbatively renormalizable (cf.[1] and
references therein for a general review). However, quadratic (in curvature) theories are
renormalizable, albeit not unitary [2], when considered in second order formalism.
Nevertheless, it is possible to let the affine connection be independent from the rie-
mannian metric in a manifold. In the usual first order Palatini [3] approach (linear in
curvature), the connection and the metric are treated as independent variables and the
Levi-Civita connection appears only when the equations of motion are used. Theses equa-
tions of motion enforce that the covariant derivative of the metric should vanish, which
means that the connection must be the Levi-Civita one in the torsionless case. Quanti-
zation of this Palatini action through the background field method [4] is claimed to be
essentially equivalent to the Einstein-Hilbert one, first performed in a classic paper by ’t
Hooft and Veltman [5].
When more general quadratic in curvature metric-affine actions are considered [6][7][8]
the deterministic relationship between the affine connection and the Levi-Civita one is
lost, even on shell. That is, the equations of motion do not force the connection to be the
Levi-Civita one. This is interesting because it appears that we could have all the goods of
quadratic lagrangians [2] (mainly renormalizability) without conflicting with the spectral
theorem of Ka¨llen-Lehmann, which guarantees that in a unitary theory, and in flat space
xΩ|Tφpxqφpyq|Ωy “ i
ż
d4p
p2πq4 e
ippx´yq
ż 8
0
dµ2
ρpµ2q
p2 ´ µ2 ` iǫ (1)
where the spectral function ρpµ2q ě 0 is positive semidefinite.
It follows that it is not possible in a unitary quantum field theory to have propagators
falling off at infinity faster than 1
k2
with a positive spectral function ρpm2q. On the down
side, if the connection is to be a really independent physical variable, we should be able
to find its physical meaning insofar as it is not fully determined by the spacetime metric
itself.
What has been said in the preceding paragraph is a simple consequence of the fact
that given any action (suppressing indices)
S rΓ, gs (2)
in which the dependence on the connection has been separated from the dependence on
the metric, the total variation with respect to the metric can be written as
δ2S “
ż
dpvolxq
"
dpvolqy δS
δΓpyq
δΓpyq
δgpxq `
δS
δgpxq
*
δgpxq (3)
Therefore, the second order variations are the total functional differential, whereas the
first order variation is the set of partial functional derivatives.
It is the clear that the vanishing of the first order variations
δS
δgαβ
“ 0
δS
δΓαβγ
“ 0 (4)
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implies the vanishing of the second order ones
δ2S “ 0 (5)
but no the other way round; it is a distinct logical possibility to have δ2S “ 0 through a
cancellation of two non-vanishing terms in the above equation.
The purpose of the present paper is to explore some of the possibilities opened up by
this framework.
In this sense, we shall consider connections on the frame bundle [9][11], namely the
principal bundle associated to the tangent bundle, with structure group SOp3, 1q or
SOpnq Ă GLpn,Rq, in the euclidean case). For simplicity, we shall restrict ourselves
to torsionless connections (the observationally allowed parameter space for the torsion is
anyway quite thin [12]). We will write all formulas in the minkowskian signature although
as usual all determinants are defined in a riemannian setting and analytical continuation
is to be performed afterwards.
An orthonormalized frame will be characterized by n differential forms
ea ” eaµdxµ (6)
a “ 1 . . . n are tangent (Lorentz) indices, and µ, ν . . . are spacetime (Einstein) indices.
They obey
ηab e
a
µpxq ebνpxq “ gµνpxq (7)
Spacetime tensors are observed in the frame as spacetime scalars, id est,
V apxq ” eaµpxq V µpxq (8)
The Lorentz (usually called spin) connection is defined by demanding local Lorentz
invariance of derivatives of such scalars as
∇µV
b ” BµV b ` ωµ b cV c (9)
Physical consistency demands that the Lorentz and Einstein connections are equiva-
lent, that is, that
∇aV
b “ eµaebρ∇µV ρ (10)
This is easily seen to imply that
ωabc “ ´eρcBaebρ ` ηbdΓdac (11)
showing that Lorentz and Einstein connections are equivalent assuming knowledge of the
frame field (tetrad).
The Riemann Christoffel tensor is completely analogous to the usual gauge non-abelian
field strength. The main difference between the curvature tensor and the non-abelian field
strength stems from the torsionless algebraic Bianchi identity
Ra b ^ eb “ 0 (12)
which is the origin of the symmetry between Lorentz and Einstein indices
Rαβγδ ” eaαebβ Rabγδ “ Rγδαβ ” ecγedδRcdαβ (13)
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This identity does not have any analogue in a non abelian gauge theory in which these
two sets of indices remain unrelated. The opposite happens with the differential Bianchi
identity
dRa b `Ra c ^ ωc b ´ ωa c ^ Ωc b “ 0 (14)
which still holds for non-abelian gauge theories when the gauge group is not identified
with the tangent group. We have included in the appendix a general treatment of (non
Levi-Civita) torsionless Lorentz connections.
The connections is assumed to be inert under Weyl rescalings
gµν Ñ Ω2gµν (15)
this implies that the Riemann-Christoffel tensor is Weyl invariant as well
Rµνρσ Ñ Rµνρσ (16)
and
RµνρσR
µνρσ Ñ Ω´4 Rµνρσ Rµνρσ (17)
With this definition, the action
S “
ż ?´g RµνρσRµνρσd4x (18)
transforms as Ωn´4; so that is Weyl invariant in four dimensions.
Since we are considering the Riemann-Christoffel tensor as a function of an arbitrary
connection,
RrΓsµνρσ ” BρΓµνσ ´ BσΓµνρ ` ΓµλρΓλνσ ´ ΓµλσΓλνρ (19)
in addition of transforming as a true tensor under arbitrary diffeomorphisms, it may seem
that it has an abelian gauge invariance under
Γαβγ Ñ Γαβγ ` δαβ BγΩpxq (20)
This invariance is not a true symmetry however. Actually what happens is that the
transformed connection is not symmetric, which in turn means that the transformed field
generates torsion. Indeed, under a symmetric transformation
Γαβγ Ñ Γαβγ ` δαβ BγΩpxq ` δαγ BβΩpxq (21)
the Riemann tensor transforms as
RrΓsµνρσ Ñ RrΓsµνρσ ` δµρ p∇σ∇ν Ω´∇ν Ω ∇σ Ωq ´
´δµσ p∇ν∇ρ Ω´∇ρΩ ∇νΩq (22)
The extra piece does not vanish in general. Again, the reason for this is that now the first
pair of indices of the Riemann tensor are not related to the second pair on indices as is
the case for the Levi-Civita connection owing to the algebraic Bianchi identity.
We have just pointed out that the nonmetricity is non-vanishing the Riemann tensor
does not enjoy the usual symmetries
RrΓsµνρσ ‰ RrΓsρσµν (23)
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as well as
RrΓspµνqρσ ‰ 0 (24)
There are then two different traces. The one that corresponds to the Ricci tensor
R`rΓsνσ “ gµρ RrΓsµνρσ (25)
and a different one
R´rΓsµσ ” gνρRrΓsµνρσ (26)
Neither of them is in general symmetric now. There is also an antisymmetric further trace
Rρσ ” gµν RrΓsµνρσ (27)
It is a fact that
R` ” gµνR`µν “ ´R´ ” gµνR´µν (28)
2 General non-Levi-Civita torsionless connection
Define the non-metricity tensor (NM) as the covariant derivative of the metric tensor
∇cηab ” ´Qcab “ ´ωc d aηdb ´ ωc d bηad “ ´ωcba ´ ωcab (29)
The symmetric piece of the connection is then precisely
ωapbcq “ 2Qabc (30)
The frame field is essentially characterized by its structure constants of the frame. Those
are defined as usual as
rea, ebs “ Ccabec (31)
and
Ccab ” ηceCeab “ γbca ´ γacb (32)
Indeed, the vanishing of the torsion tensor
dea ` ωα b ^ ec “ 0 (33)
yields the missing antisymmetric piece of the Lorentz connection ωarbcs (remember that
the symmetric piece was determined by the non-metricity)
ωabc ´ ωacb “ Cabc (34)
The general torsionless connection is then determined in terms of the non-metricity and
the structure constants of the frame field as
ωabc “ Qabc ` 1
2
Cabc (35)
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3 Metric from connection
Given any connection, it is interesting to determine the conditions for it to be interpreted
as a Levi-Civita connection of some metric (not necessarily the existing metric on the
manifold). These conditions are clearly stated with Christoffel’s symbols of first kind,
namely
Bµ
ˆ
tδ; βλu ` tβ;λδu
˙
“ Bλ
ˆ
tδ; βµu ` tβ; δµu
˙
(36)
which expresses the obvious fact that
BµBλ gδβ “ BλBµ gβδ (37)
In order to determine the generaing metric in such cases as it exists, (that is, when the
integrability condition is fulfilled), there is the linear ODE system
Bλgδβ “ gαδΓαβλ ` gαβΓαλδ (38)
The integrability conditions for such a system are precisely as above, namely
Bµ
ˆ
gδαΓ
α
βλ ` gβαΓαλδ
˙
“ Bλ
ˆ
gδαΓ
α
βµ ` gαβΓαδµ
˙
(39)
This boils down to
gδσ
`
ΓαβλΓ
σ
αµ ´ ΓσλαΓαβµ
˘` gβσ `ΓαλδΓσµα ´ ΓσλαΓαδµ˘ “ pgδα ` gαβq `BλΓαβµ ´ BµΓαλδ˘
This can be thought of as a set of algebraic equations for the metric, given the connection
and its derivatives. At the perturbative level, assuming
gαβ ” ηαβ ` κhαβ
γαβγ “ Opκq (40)
The integrability condition reads
Bµ pγδβλ ` γβδλq “ Bλ pγδβµ ` γβµδq (41)
This can be written in a suggestive way as
Bµγδβλ ´ Bλγδβµ “ Bλγβδµ ´ Bµγβδλ (42)
or introducing the one-forms
χαβ ” γαβλdxλ (43)
this is equivalent to a certain one-form to be closed, that is,
d χpαβq “ 0 (44)
This implies that
γpαβqλ “ Bλφαβ (45)
Once this condition is fulfilled, the solution is given by the solution of the first order linear
differential equation
Bλhδβ “ γδβλ ` γβδλ (46)
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4 Weyl Gravity
The same property of conformal invariance of the action (18) is shared by the Weyl action
S ”
ż ?´g WµνρσW µνρσd4x (47)
where the Weyl tensor is defined as
W αβγδ “ RrΓsαβγδ ´
1
n ´ 2
`
δαγR
`rΓsβδ ´ δαδ R`rΓsβγ´
gβγR
`rΓsαδ ` gβδR`rΓsαγ
˘` 1pn ´ 1qpn´ 2qR`rΓs
`
δαγ gδβ ´ δαδ gγβ
˘
(48)
With this definition,
W λβλδ “ 0 (49)
but
W λλαβ “ Rαβ (50)
gβγWαβγδ “ R`αδ `R´αδ ” Rˆαδ (51)
Besides, due to (28)
Rˆ ” gαδRˆαδ “ 0 (52)
It can be easily shown that it is not possible to modify Weyl’s tensor in such a way
that it is still antisymmetric in the last two indices and all traces vanish. We shall then
refrain from doing any modification on Weyl’s tensor.
We would like to insist that at this point (that is, with a connection that is a dynam-
ical variable) there is no real motivation for this particular definition. It is only when
the connection is fixed to be the Levi-Civita one that Weyl’s tensor acquires its special
meaning.
In spite of the fact that Weyl’s action does not seem privileged from this point of
view, there is a grander viewpoint from which it is. Namely, Cartan’s canonical conformal
connection [9] is a one-form with values in the conformal algebra, sop2, 4q, in such a way
that when two frames are related by a conformal transformation, the connection undergoes
a gauge transformation [13]. It is a remarkable fact that this connection is closely related
to the Penrose’s twistor connection [14].
In this view, spacetime is related to the coset SOp2, 4q{SO0p2, 4q where SO0p2, 4q is
the group of scale transformations (that is, the conformal group without the four special
conformal transformations). In [8] it was shown that Bach’s tensor [21] is the source of
the Yang-Mills’ equations for Cartan’s connection. Given the well-known fact that Bach’s
tensor is the equation of motion for Weyl gravity -in the second order formalism- this
clearly yields a new insight. This viewpoint allowed [7] to show that the solution of the
first order Weyl EM were given by conformal classes of solutions of the ordinary Einstein
equations.
This is our main motivation for concentrate on the Weyl action, trying to understand
the possible new features that a first order treatment may uncover.
Finally, let us remark en passant, that the index theorem asserting that the integral
of the pfaffian of the curvature yields Euler’s characteristic, a topological invariant, refers
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to the riemannian curvature only. To be specific, there must exist some admissible metric
such that the connection is the associated Levi-Civita connection. The conditions for that
to be true are worked out in the appendix. There are then in general three independent
quadratic diffeomorphism invariants out of the metric and the non-riemannian curvature.
Let us now point out a question of notation to hopefully avoid confusion. When
considering the Riemann tensor of the Levi-Civita connection we shall simply write Rµνρσ.
When it is computed from a dynamical variable connection, R
pΓqµ
νρσ and in the important
particular case of Weyl’s connection (to be introduced in a moment), R
pW qµ
νρσ .
Let us also mention that this very theory (or rather its second order version) has been
proposed as experimentally viable in [15], although this statement has been challenged
by [16] in the particular case of conformal matter.
5 Weyl’s connection is not enough.
There is a particular case which is very interesting, namely, when the non-metricity
Qabc ” ∇aηbc (53)
(confer the appendix) is proportional to the metric tensor itself
Qabc ” ´2Wa ηbc (54)
where Wa is a gauge field, the Weyl vector field.
The fact is that when a Weyl transformation is made on the metric
gαβ Ñ g˜αβ ” Ω2gαβ (55)
Weyl’s vector undergoes a gauge transformation
∇µg˜αβ “ 2
ˆ
´Wµ ` BµΩ
Ω
˙
g˜αβ (56)
In this case it is possible to modify the Levi-Civita connection in such a way that the
covariant derivative of the metric with respect to the modified connection still vanishes.
Its value is
ΓpW qµνρ “ Γµνρ ´ δµνWρ ´ δµρWν ` gνρW µ (57)
Then when the only non metricity is due to Weyl’s vector field,
∇µgαβ “ ∇pW qµ gαβ (58)
where ∇
pW q
µ is the covariant derivative corresponding to the Weyl connection, ΓpW qµνρ.
This fact allows us to define a conformal (as well as diffeomorphism) covariant deriva-
tive of an arbitrary tensor field T through
DµT “ ∇pW qµ T ` λWµT (59)
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where λ is the conformal weight of the tensor T. This is defined in such a way that under
a Weyl transformation
T Ñ Ω´λ T (60)
For example, λ “ ´2 for the covariant metric gαβ. Then Dµ is a metric-compatible
connection
Dµgαβ “ 0 (61)
The Riemann-Christoffel tensor1 associated to Weyl’s connection reads
RpW qµνρσ “ Rµνρσ ` gµν p∇ρWσ ´∇σWρq ` gµσ p∇ρWν ´WρWνq `
`gµρ p∇σWν ´WσWνq ` gνρ p∇σWµ ´WσWµq ´ gνσ p∇ρWµ ´WµWρq `
`WλW λ pgµσgνρ ´ gµρgνσq (62)
It has already been pointed out the unfortunate fact that this tensor does not have the
property that
RpW qµνρσ “ RpW qρσµν (63)
in fact, it is not even symmetric in the first two indices. As we already advertised in the
Introduction, there are then two possible independent contractions of it. The Ricci tensor
corresponds to the contraction of the first and the third indices and reads
R`pW qνσ “ Rνσ `∇νWσ ´ pn´ 1q∇σWν ´ gνσ
`
∇λW
λ ` pn´ 2qWλW λ
˘
The other two-index tensor corresponds to the contraction of the second and third indices
and read
R´pW qµσ “ ´Rµσ `∇µWσ ` pn ´ 3q∇σWµ ´ 3WσWµ ` gµσ
`pn´ 2qWλW λ `∇λW λ˘
Finally, the corresponding scalars read
R`pW q “ R ´ 2pn´ 1q∇λW λ ´ pn ´ 2qpn´ 1qWλW λ “ ´R´pW q (64)
Let us denote by Fαβ the gauge invariant field strength of the abelian gauge field Wλ
Fαβ ” ∇αWβ ´∇βWα “ BαWβ ´ BβWα (65)
It is easy to check that the contraction defined in (27)
Rρσ “ pn´ 2qFρσ (66)
Weyl’s tensor corresponding to Weyl’s connection reads
W pW qµνρσ “ Wµνρσ ` gµνFρσ `
1
n´ 2 pgµρFσν ´ gµσFρν ´ gνρFσµ ` gνσFρµq
which is indeed gauge invariant in a beautiful way.
Unfortunately this also means that the lagrangian corresponding to Weyl gravity where
the connection only depends on the Weyl gauge field can be written as
a
|g| W pW qαβγδW αβγδpW q “
a
|g|
"
WµνρσW
µνρσ ` n
2 ´ 2n` 8
n´ 2 Fµν F
µν
*
(67)
This means that the whole dynamics of Weyl’s connection lies in the abelian gauge term
and the first order formalism for the gravitational field has got exactly the same problems
with unitarity as has the usual second order one.
1The following formulas correct some unfortunate misprints in [10]
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6 Conclusions
It has been known for some time that the complete on shell equivalence of first order
(Palatini) and second order formalisms for the Einstein-Hilbert action does not hold for
quadratic actions. This is an inducement to investigate those theories anew, because
by considering the connection and the metric as independent dynamical variables, there
are no quartic propagators for any variable, at least naively. These theories then hold
the promise of defining a unitary and renormalizable theory of gravity. Given the quite
stringent observational bounds on the presence of torsion in spacetime, we have assumed
throughout the paper that the torsion is zero, although this hypothesis could easily be
removed.
We have clarified the general setup of the theory, and the degrees of freedom involved.
In this paper we have endeavored to work out the dynamics of Weyl’s connection,
which has a very natural and beautiful geometrical interpretation. Unfortunately, for
this particular case in which the non-metricity is proportional to the metric itself the
propagator for the graviton is still quartic in derivatives, which means that in momentum
space behaves as 1
p4
for large momentum.
Our conclusion is that those theories are still non-unitary even in first order formalism.
This means that the only hope for getting a renormalizable and unitary theory in-
volving gravitons (alas, also other fields) lies in the general quartic lagrangian, which
unfortunately is quite complicated because it depends on many parameters (one for every
non-equivalent way of contracting the Riemann tensor with itself).
We hope to be able to report on this sopic soon.
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A Proof of Lanczos’identity
Let us now present for completeness Lovelock’s proof of the Lanczos’identity [18], which
is much simpler that the original proof.
Consider a tensor
Kβ1...βmα1...αm (68)
such that it is fully traceless and separately antisymmetric in both covariant and con-
travariant indices. This a generalization of the well-known properties of the Weyl tensor
(when the connection is Levi-Civita). Now, if the dimension of the space
n ď 2 m´ 1 (69)
then
Kβ1...βmα1...αm ” 0 (70)
Define the auxiliary tensor
T β1...βmα1...αm ” δβ1...βmδ1...δmα1...αmγ1...γm Kγ1...γmδ1...δm (71)
It is not difficult to check that (because of the conditions assumed on K)
T β1...βmα1...αm ” δβ1...βmα1...αmδδ1...δmγ1...γm Kγ1...γmδ1...δm “ pm!q2 Kβ1...βmα1...αm (72)
But Kronecker’s tensor vanishes unless n ě 2m, which is what we wanted to prove.
When the dimension is even, n “ 2m, this theorem then implies a second one, namely
that
K
rβ1...βm
rα1...αm
δ
βm`1s
αm`1s
“ 0 (73)
The reason is that this particular tensor fulfills all the hypothesis of the preceding theorem.
Let us check this explicitly for the Weyl tensor, which corresponds to m “ 2. This
construct reads
1
9
"
W αβµνδ
γ
λ `W βγµνδαλ `W γαµνδβλ `W αβνλδγµ `W βγνλδαµ `W γανλδβµ `
`W αβλµδγν `W βγλµδαν `W γαλµδβν
*
“ 0 (74)
It is easily checked that all traces indeed vanish. If we now multiply the ensuing identity
by
W
µν
αβ (75)
we obtain the desired result
W αβµν W
µν
αβ δ
σ
ρ “ 4 W µναρ W ασµν (76)
In conclusion, we are not aware of any argument as to why Lanczos’ identity should
remain true for non Levi-Civita connections.
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